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Levy Processes and Levy White Noise 
as Tempered Distributions 

Robert C. Dalan^ and Thomas Humeau^ 

Ecole Polytechnique Federale de Lausanne 

Abstract 

We identify a necessary and sufficient condition for a Levy white noise to be a tempered 
distribution. More precisely, we show that if the Levy measure associated with this noise has 
a positive absolute moment, then the Levy white noise almost surely takes values in the space 
of tempered distributions. If the Levy measure does not have a positive absolute moment 
of any order, then the event on which the Levy white noise is a tempered distribution has 
probability zero. 


1 Introduction 

It is well-known that Gaussian white noise in is a generalized random field that can be viewed 
as a random element of the space of tempered (Schwartz) distributions [T^ 127] , It is 

natural to ask whether the same is true of Levy white noise? 

This abstract mathematical question was posed to the authors by M. Unser and J. Fageot, who 
were interested in developing sparse statistical models for signal and image processing m- For 
this, they considered generalized random fields with values in Levy white noises provide 

interesting examples of generalized random fields, and together with A. Amini, they showed in 
m Theorem 3] that a sufficient condition for Levy white noise to take values in is that 

the associated Levy measure have a positive absolute moment. The main result of this paper is 
that this condition is, in fact, necessary and sufficient. 

The result of Unser and Fageot improves several other partial results that appear in the 
mathematical literature. In [19], Levy white noise is studied as a natural generalization of 
Gaussian white noise, and the authors showed that this process takes values in if the 

associated Levy measure has a first absolute moment. In order to develop a white noise theory 
for Levy noise, Di Nunno et al. |8] consider Levy white noise with a Levy measure that has 
a finite second moment. In m Theorem 4.1], Y.-L. Lee and H.-H. Shih give a necessary and 
sufficient condition for Levy white noise to take values in however, this condition involves 

checking the continuity of a functional and does not translate directly into a condition on the 
Levy measure. Finally, knowing that Levy white noise takes values in tS'(R'^) is useful in the 
study of stochastic partial differential equations driven by Levy noise, as in IZU, which again 
considers the case where the Levy measure is square integrable. 
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In order to address the question of Unser and Fageot, we first consider in Section [2]the case of 
dimension d = 1. In this case, Levy white noise can be viewed as the derivative of a Levy process, 
for which there is a large literature (see Elia Eg, for instance). The question of whether or not 
sample paths of a Levy process belong to reduces essentially to whether or not this process 

is slowly growing (that is, has no more than polynomial growth: see Remark I l.ip . We make use 
of the Levy-Ito decomposition W = 7^ + crWt + of a Levy process (W)iER+, in which 

{Wt) is a standard Brownian motion, {X^) is a compound Poisson process (term containing the 
large jumps of X), and {Xf^) is a square integrable pure-jump martingale (term containing the 
small jumps of X). Using the strong law of large numbers for Levy processes with a hrst moment, 
we show that the Levy process {'jt +aWt +X^) is always slowly growing, so the question reduces 
to the study of the process {X[). 

A hrst result (Proposition [2]3]) is that a compound Poisson process can belong to if 

and only if it is slowly growing. The question now reduces to determining when a compound 
Poisson process is slowly growing, which is addressed in the literature (see [251 Section 48]), but 
for which we give a direct answer using the law of large numbers of Kolmogorov, Marcinkiewicz 
and Zygmund na (see Proposition 12.5p . 

With the result for Levy processes in hand, we then easily deduce the corresponding result 
for Levy white noise (see Theorem 12.lUp . Since [TT] constructs Levy white noise as a measure on 
the cylinder cr-held of »S'(M'^) via the Bochner-Minlos theorem [T5], we relate our result to that 
of m by taking care to show that Levy noise actually dehnes a random variable with values in 
iS'(R‘^) equipped with its Borel cr-held (which is in fact equal to the cylinder cr-held, see the proof 
of Corollary 12.lip . 

In Section [51 we turn to Levy random helds and Levy noise on M'^, with d ^ 1. Again, 
in the case of a Levy random held, the Levy-Ito decomposition applies (see ID E]), and the 
three terms with moments greater than 1 always have sample paths with values in S'{Md) (see 
Proposition 13.7p . For the term containing the large jumps, which is a compound Poisson sheet 
X^, we are hampered by the fact that even if there are multiparameter analogues of the law of 
large numbers of Kolmogorov, Marcinkiewicz and Zygmund (see |18|j. multiparameter random 
walks cannot be easily used to represent compound Poisson sheets. Therefore, we make use 
of our study in dimension 1 by considering the Levy random held X^ along a line parallel to 
a coordinate axis. This dehnes a (one-parameter) Levy process L. A key technical step is to 
identify (in Lemma [3.12p a sequence of test functions (</?„) c »S(M'^) with polynoniially growing 
norms such that (fn) give precisely the value of L at the time of its n-th jump. This leads 
to the characterization of Levy white noises and random helds that take values in »S'(R‘^) (see 
Theorem 13.131 and Corollary I3.15p . 

We now introduce the main notation that will be used throughout the paper. Let d e N\{0}. 
For a multi-index a = (ai, ...,ad) e a smooth function y? : R'^ —» R, and t e R'^, we write 


= 0 *=! tT = 


(a) ^ 




where |q;| = 

'd, we also write 


For /3 ,7 e we write = 


JL 


where (3\ = ni=i(AO- When t e R'^, we also write \t\ for the Euclidian norm and the meaning 
should be clear from the context. The Schwartz space is denoted iS(R‘^) and is the space of all 
smooth functions (/? : R'^ ^ R such that, for all multi-indexes a, e we have 

sup < -hoo . 


This space is equipped with the topology dehned by the family of norms Ap, where, for all p e N 
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and {p e 

A basis of neighborhoods of the origin for this topology is given by the family 

(1-1) ({»> ^ 5(IR'') : < e})^„ , 

since such a basis is usually given by hnite intersections of sets of this form, and for all p e 
N, (p e Hpi^p) < Ap+i(<p). A sequence {pn)n converges to zero in S{W^) if for all 

p s N, J\fp{(pn) ^ 0 as n —> +oo. The space of tempered distributions is denoted and is 

the space of all continuous linear functionals on Equivalently, u e if and only if 

there is an integer p ^ 0 and a constant C such that for all ip e 

|<M, ip)\ < CAfp{ip). 

Remark 1.1. We say that a function f : —* M. is slowly growing if snp^^^d |/(f)|(l + < 

00 for some a ^ 0. In this case, f defines a tempered distribution by the formula (f.p) = 

W di, for all ip e 

We will also consider the space V{W^) of smooth compactly supported functions and its 
topological dual T>'{W^), the space of distributions (see for example [23] or I2S1). 

2 Levy processes and Levy noise in <S'(R) 

A Levy process (W)teR+ is a real valued stochastic process such that Xq = 0 almost surely, 
X has stationary and independent increments and X is stochastically continuous (that is, for 
any s ^ 0, \Xt — W| ^ 0 in probability as t —* s). Every Levy process has a cddldg (right 
continuous with left limits) modification by [23l Theorem 11.5], and we will always consider 
such a modihcation in the following. An important feature of Levy processes is the Levy-Ito 
decomposition: for a Levy process X there exists a unique triplet ( 7 , a, u), where a ^ 0, 7 e R, 
and z/ is a Levy measure (in particular, u is nonnegative and (1 a |xp) u{dx) < + 00 ), such 
that the jump measure of X (denoted by Jx) is a Poisson random measure on R+ x R\{0} with 
intensity dtu{dx) and X has the decomposition W = 'jt+aWt+Xf+X^. In this decomposition, 
VP is a standard Brownian motion, Xf = xJx{ds, dz) is a compound Poisson process 

(the term containing the large jumps of X), and Xf^ = x (Jx(ds, dx) — dsi^(dx)) is 

a square integrable martingale (the term containing the small jumps of X). 

Since a Levy process is cddldg, it is locally Lebesgue integrable, and dehnes almost surely an 
element of P'(R) via the L^-inner product 

(X, (p) = I Xtp{t) dt, for all e ©(R). 

•Jm-p 

For any cddldg process L, we dehne the following subset of il: 

(2.1) = {w e : L{u) e S'{R)} , 

with the understanding that when L{oj) e iS'(R), the continuous linear functional associated with 
L{u)) is given by {Lipj), p) = Lt{uj)p{t) dt, for all p e iS(R). 


3 


2.1 The case of an integrable Levy process 

In order to handle the hrst three terms in the Levy-Ito decomposition, we first consider the 
case where X itself has a hnite hrst absolute moment. 

Proposition 2.1. Let X be a Levy process for which E(|Xi|) < +oo. Then the set Ltx defined 
in fl2.ip (with L there replaced by X) has probability one. 

Proof. By the strong law of large numbers for Levy processes such that E(|Xi|) < +oo in [231 
Theorem 36.5], ^ E(Xi) almost surely as t +oo. It follows that X is sublinear and 

locally bounded (by the cadlag property) almost surely, so it is slowly growing, which concludes 
the proof by Remark ll.il □ 

Corollary 2.2. Let X be a Levy process with characteristic triplet ( 7 , a, v) and Levy-Ito decom¬ 
position Xt = '^t aWt + Xf + Xfi^. Let Yt = jt -\- aWt + Xfi^. Then Y is slowly growing a.s., 
and the set Qy defined as in (EHi has probability one. 

Proof. The process Y = aW + X^ is a sum of two independent square integrable Levy processes 
with mean zero. Hence Y verihes the hypothesis of the Proposition 12.11 therefore it dehnes a 
tempered distribution a.s. Since Y and Y differ by a slowly growing function t •—> yt, we deduce 
that y is a tempered distribution almost surely. □ 

2.2 Growth of a compound Poisson process 

In view of Corollary 12.21 it remains to determine when a compound Poisson process belongs 
to iS'(R). We begin with two key results on the growth of a compound Poisson process. Let 
Xt = 1 L be a compound Poisson process, where TV is a Poisson process with parameter A 

that is independent of the sequence of i.i.d. random variables. Let S'o = 0 and {Sn)n^i be 

the sequence of jump times of X and let T^ = Sn — S^-i- Also, let = Xs^ = 
show that on the set fix, the compound Poisson process is slowly growing. 

Proposition 2.3. Let X be the compound Poisson process defined above and Llx the set defined 
in m- There is a set A of probability one such that for all u e fix A, the function t •—> Xtiuj) 
is slowly growing. 

Remark 2.4. We point out that this result relies on more than the piecewise constancy of a 
compound Poisson process. Indeed, there exists cadlag piecewise constant functions in tS'(M) 
which are not slowly growing. For example consider the function f that is egual to zero except 
on intervals of the form [n,n + 2“"[ where it is constant egual to 2^ for all n e N. Then 
f s L^(M) c but f is clearly not slowly growing. 

Proof of Proposition \2. A The main idea is the following. Since X is constant on the interval 
[An, 5'„+i[ and the jump times are rarely close together, we can build a sequence of random test 
functions supported just to the right of Sn, such that (X, pfi) = for large enough n. 
The control of |(X, Pri)\ by a norm Afp{ipn) leads to a bound on Xs^, and then on Xt since X is 
piecewise constant. 

For n ^ 1, the jump time Sn has Gamma distribution with parameters n and A. For k ^ 1 
to be chosen later, and p s 11(M) with support in [0,1], (p ^ 0 and = 1, we consider the 
sequence <pn dehned by 

(2.2) ^„(() - ((( - S„) 7) , 
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Then 


(2.3) 


SUpp {ipr. 


Sn, 


and = 1. Fnrtherniore, for any nonnegative integer p and a,(3 ^ p, 

= sup ^ ( <b'„ + ■ ^ 

xgR 


sup|x>f(x)|- sup |x>f(x)U(S„ + ^ S‘>'’«>sup|^MW|, 


Sn,Sn + -^ 


Ck 


xsR 


hence, 

(2.4) A4 (V„) ls.»i < , 

where (7 e M is deterministic, nonnegative, and depends only on p. We define the events 


(2.5) 


An,k = does not jump in the interval 


Sn, Sn + 


Using the fact that T^+i has exponential distribution with parameter A and that Tn+i and S„ 
are independent, we have 

Ck 


= =E(l-e OS ) <E 


The Laplace transform of Sn is E (e = X^{t + A) for t ^ 0. For n ^ 3, integrating twice 
from f to + 00 , we obtain 


( 2 . 6 ) 


E 


02 


A^ 


(n — l)(n — 2) ’ 


3. 


We deduce that Xin®" < +°°- Taking k = 2, we deduce that Xn^ by the 

Borel-Cantelli Lemma, 

P Aim sup 2 ] = 0> 

\ n—>+00 / 

and the set A = liminfA „2 has probability one. Let uj e A r, Qx, and N{u) be such that for all 

n^+oo ’ 


n ^ N{uj), u! e An^ 2 - Then for n ^ N{uj), because of fl2.3p and 

(2-7) (X,Pn){uj) = Xs^{uj)lA^, 2 i^) +(X,Pn){u;)lA-^^^{uj) = Xs„{u). 

Since X{u}) is a tempered distribution by definition of fix, there is p{uj) s N and C{u) e R such 
that 

(2.8) KX,v>„>(iu)| < C{AKi^) (»>») < C'(w)S+">+'^(w)ls„,„„i 

by (12.41) with k = 2. Because Sn —> +oo a.s., we can choose N{oj) such that Sn{oj) ^ 1 for all 
integers n ^ N{oj) (replacing A by another almost sure set). From (12.7p and (12.Sp . we deduce 
that for all cn e A n fix. 


IW„(^)l 


^ C"(a;) < +00 , 


for all n ^ N{u). 
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Let n ^ N{u) and let t ^ Sn{u})- There is an integer j ^ n snch that t e [S'j(a;), S'j+i(a;)[. Then 
|Xi(u;)| = 1 X 5 ,^ (a;)I < C"(a;)S'f < C'. 


We dednce that 

limsup ^ < C'{u) < +00 

on the set A n ilx- This completes the proof. □ 

The next proposition recalls properties of the long term behavior of a componnd Poisson 
process. Similar resnlts on the growth of Levy processes are available in [251 Proposition 48.10]. 
We inclnde a proof for convenience of the reader. 


Proposition 2.5. Let X be the eompound Poisson process with jump heights defined at 

the beginning of this section. 


(^) 


Suppose that there is a real number p > 0 such that EdWl^) < + 00 . 
such that 


lim sup 

>+00 


l^tl 

1 + t" 


< +03 


a.s. 


Then there is a > 0 


(a) Suppose that E(|Yi|p) = +od for every p > 0. Then for any a > 0, 


V Wt 

limsup-= +00 a.s. 

i^+00 1 + 


Proof. We use the notations introduced at the beginning of Section YTfA To prove (i),\ei p> t) 
be such that E(|Yi|^) < +od. If p < 1, then by the law of large numbers of Kolmogorov, 
Marcinkiewicz and Zygmund (see m Theorem 4.23]), we have n '^Zn 0 a.s., with a = p so 
sup„j>i < +00 a.s. Ifp ^ 1 , then by the strong law of large numbers, Zn < +o 3 . 

Finally, for p > 0, we combine both cases by setting a = max (p”^, 1), so that 

\Z I 

(2.9) sup- - —<+00 a.s. 

nM 1 + 


Let t E M^.. There is an integer k such that t e [S^, <S'fc+i[, so that W = ^Sk = and 


( 2 . 10 ) 


\Xi\ ^ \^k\ \^k\ 1 T 

1 + ^ 1 + F" “ 1 + 1 + ■ 


Since Sk is the sum of k i.i.d. exponential random variables with parameter A > 0, the law of 
large numbers tells us that k~^Sk j a.s. We deduce from fl 2 . 1 Up and fl2.9p that 


( 2 . 11 ) 


lim sup 

t—>+00 


1 + 


< +00 


a.s.. 


and (i) is proved. 

To prove (ii), suppose that for any p > 0, we have EdWl^) = + 00 . Then according to the 
theorem in [15] mentioned above, for any p e ]0,1[, n~^l'^Zn does not converge on a set of positive 
probability. Since (■^n)„>i is a sum of i.i.d. random variables, the existence of a limit at infinity 
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is a tail event. From Kolmogorov’s zero-one law, we deduce that for any p e ]0,1[, n does 

not converge almost surely, and, in particular. 


( 2 . 12 ) 


lim sup 


i/p 


> 0 


a.s. 


n^+oo n 

Fix a > 0 and let pi = e]0,1[. By (I2.12p . 


(2.13) 


lim sup > 0 a.s. 

m _L 77, / ^ 1 


n ^+00 ^ 

For t e R+, there is an integer k such that t e [Sk, so Xt = Xs,. = Zk and 


(2.14) 


l^t 


1 + F 




1 + 


1 + ^,“+1 1 + kyp ^ 1 + 


By the strong law of large numbers and the fact that pi ^ = a -f 1 > a, we have that 
limfc^oo Taking the lim sup on both sides of fl2.14p (in fact taking the limit 


k + 1 


along some subsequence), we deduce from fl2.13p that 


lim sup 

4^+00 1 + 


= -t-OD 


a.s. 


□ 


Corollary 2.6. Let X be a Levy process with characteristic triplet ( 7 , cr, p) and fix be the set 
defined as in fl 2 .ip . 

(i) If there exists p > 0 such that E (|Xi|’') < -l-oo, then P(nx) = 1- 

(ii) If for all 7 > 0, E (|Xi|^) = -l-oo, then P(f2x) = 0. 

Remark 2.7. //E(|Xi|^) < -l-oo for some p > 0, then we say that X has a positive absolute 
moment (PAM). Recall that for p > 0, E(|Xi|’') < -l-oo if and only */5|a,|>i \x\'^iy{dx) < -l-oo (see 
Theorem 25.3]). Hence the condition PAM can be equivalently expressed in terms of the 
Levy measure u. 

Proof of Corollaru \2.fA To prove (i), let Xt = pt+aWt + Xf^ + Xf‘ be the Levy-Ito decomposition 
of X. Since E(|Xi|’') < -l-oo, we have |x|’^/v(da:) < -l-oo (see Remark 12.7p . The jump 
heights (h^)j^i of the compound Poisson part X^ are i.i.d., with law A”^l| 3 ;|>iz/(dx) (where A 
is a normalizing constant), therefore E(|yi|’^) < -l-oo. Then we can use Proposition 12.11 for the 
continuous and small jumps terms of the Levy-Ito decomposition of X, and Proposition 12.51 for 
the large jumps term, to deduce that X has polynomial growth at inhnity. By the cddldg property 
of X and Remark II.II we get the result. 

To prove (ii), since 

{cn : f <--> Xt{u) is slowly growing} n {a; : Va > 0 , hmsup(l -f t°‘)~^\Xt\ = -l-oo} = 0 , 

t—>+00 

and under (ii) the second set has probability one by Proposition 12.51 we deduce from Proposition 
12.31 that P (fix n A) = 0, where A is the almost-sure set defined in Proposition 12.31 Therefore, 

P(f2x) = 0. □ 
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2.3 Levy white noise: the general case 

Let X be a Levy process. We can define the derivative of X in the sense of distribntions as 
follows. 

Definition 2.8. Let X be a Levy process with characteristic triplet ( 7 ,( 7 ,//). The Levy white 
noise X is the derivative of X in for a; e Q and ip s P(M), 

v?) := - <X(a;), p') := - [ Xt{u)p'{t) dt. 

^ ' Jk+ 

Notice that the law of the Levy white noise X is entirely characterized by the triplet ( 7 , cr, 
(given that we nse the trnncation fnnction in the Levy-Ito decomposition). 

Remark 2.9. Our definition of Levy white noise is equivalent to other definitions such as the 
one found in Hi Definition S.f.l] and in /Til Definition 3], We postpone the discussion of this 
issue to the multiparameter case: see Proposition \3.1 71 

We now tnrn to the qnestion of whether or not a Levy white noise is a tempered distribntion. 
Similar to fl2.ip . for any Levy noise X, we define the set 

(2.15) = jw e L! : X(a;) e<S'(M)| , 

and we have the following characterization. 

Theorem 2.10. Let X be a Levy process with characteristic triplet ( 7 , a, u), and X the associated 
Levy white noise. Then the following holds for the set defined in fl2.15p .• 

(i) If there exists rj > 0 such that E (|Xi|’') < +00, then P (flj^) = 1 . 

(ii) //E (|Xi|’') = +00 for all rj > 0, then P (fl^^) = 0 . 

Proof. Snppose that X has a PAM of order 7 . By Corollary 12.61 (i), P{ilx) = 1- Differentiation 
maps i5'(R) to itself, hence on Dxj fhe Levy noise A is a tempered distribntion: ^ Tlx- We 

dednce that has probability one. 

Snppose that for all rj > 0, E(|Xi|^) = + 00 . Let X[ = 2^*1 L he the componnd Poisson 
part of the decomposition of A, then by Remark 12.71 and from the fact that (L))*^! is a seqnence 
of i.i.d. random variables with law l|a,|>iZ/( dx), we dednce that E (|Li|^) = for all p > 0. By 
Corollary 12.21 fix = fiy^’, and by Corollary 12.61 (ii), P(fix) = P(fix^) = 0. We now show that 
fijf c fix. Let oj e fi^,^. Two solntions in D'(R) of the eqnation u' = X{oj) differ by a constant 
(see Theoreme I, chapter II, §4 p.51]) and X{u) is obvionsly one of them. Therefore, if there 
is a solntion to this eqnation in «S'(M), then oj e fix. To show that snch a solntion u exists, recall 
that a distribntion is an element of »S'(M) if and only if it is the derivative of some order of a 
slowly growing continnons fnnction (see [241 Theoreme VI, chapter VII, §4 p.239]): X(uj) = 
for some continnons slowly growing fnnction g and some integer n. If n ^ 1, then u = gO-d jg 
a solntion in »S'(R) of u' = X{uj). If n = 0, then u{t) = 5o5'('S) ds is a slowly growing solntion, 
therefore u e iS'(R). □ 









Corollary 2.11. Let X be a Levy process with characteristic triplet ( 7 ,( 7 ,//), let X be the asso¬ 
ciated Levy noise and suppose it has a PAM. Then there is a random tempered distribution S, 
that is a measurable map from to where B is the Borel a-field for the weak-* 

topology, such that almost surely, for all p e 

(S, ip) = (x, (/:') = -[ XtLpft) dt. 

' / Jm+ 

In addition, the maps C \ oo ^ C{u:) and p : a; •—> p{ijj) such that for all (p e 

KS”, V5>| < CA/'p((/?) a.s. 


can be chosen to be P-measurable. 

Proof. We already know from Theorem 12.101 that P(r2y) = 1. We dehne S to be equal to X 
(in »S'(M)) on Qy and zero elsewhere. We want to be able to consider S' as a measurable map 
with values in S'(M). More precisely, we equip S'(M) with the weak-* topology. A basis for this 
topology is given by cylinder sets of the form 

n 

O = Pi {u e S'(M) : (u, p^f) e AJ , 

where, for all i ^ n, p>i is an element of S(M), n is an integer and A, is an open set in M. The 
cr-held generated by all cylinder sets is called the cylinder cr-algebra and is denoted by C. We 
hrst show that S : {Tl,P) —>■ (S'(M),C) is measurable. For this, clearly, it suffices to show that 
for all cylinder sets O as above, the set (O) = {lj s Q : S(lj) s 0} belongs to P. Clearly, 

n 

S-" ( 0 ) = P{u;Gf]:<F(a;),(/p,>eAa. 


The map (f, uj) Xt{oj) is jointly measurable so by Fubini’s Theorem, the map (S', pf) : hi —>■ M 
is J^-measurable and therefore S~^ (O) e P. The Borel cr-held B contains C since every cylinder 
set is an open set. The converse inclusion is not immediate: see m Proposition 2.1] for a proof 
of the equality B = C. This fact is also mentioned in m p-41]. 

The space S(R) is separable (see | 2 ^ 10.3.4 p.l76]) and we let A be a countable dense subset. 
Then the measurability of the maps C and p comes from the fact that we can choose 


p{u) 


mm 


>feA Xp{p>) 


u) < -foo 


and 


Cipj) = sup 




[u 


□ 


Remark 2.12. An alternate proof of Theorem \2. 1 IM ii) is as follows. We can restrict to the case 
where X is a compound Poisson process with jump times {Sn)niii- We construct here a solution 
to the equation u'{u) = X{u) such that u(u) e iS'(M). Let 6 e P(R) be such that 6^0, = 1 

and suppO c [0,1]. Then let pi s iS(R). There exists a function <|) e iS(R) such that p = ^' if 
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and only if = 0 (consider $(x) = (p{t)dt for the if part, the other direction is obvious). 
Then consider the linear functional I on S(R) defined by 

(2.16) lT{t) = f f ds. 

J—00 V Jr / 

This functional defines an antiderivative onS{M.): for any p e iS(M), I {p') = ip. Also, the reader 
can easily check that for all p e N, 

sup \t\P\Iip{t)\ ^ CpXp+ 2 {ip) , 

teR 

for some constant Cp depending only on p, and therefore, I is a continuous linear functional with 
values in <S(M). 

This implies that for oj EVLj^, we can define a tempered distribution u{u) by 
(u{u), ip} = — (^X{oj), , for all p e 5(M) . 

This tempered distribution satisfies u'{u) = X{u:), since for any p e iS(M), 

{u'{uj),p) = - {u{u), p') = (^X{u), Ip'^ = (^X{u), p^ . 

This implies that u and X only differ by a (random) constant. Indeed, 

{u{uj),p) = -(x{u),Ip"^ = (x{u),{Ip)'^ = {X{uj),p) - {X{u),e){l,p) . 

Therefore, this (random) constant is (X(oj), 6}, and 

(2.17) X{uj) = u{uj)+ (X{uj),e)-l, 

and so X{oj) e <S'(M) since the right-hand side belongs to iS'(M). Therefore cz Qx- By 
Corollaru \2.b\ (ii), we conclude that P (fi^) = 0. 

3 Levy fields and Levy noise in 


In this section, we consider the same questions as in Section O but for a generalization of the 
notion of Levy process, where the “time” parameter is in with d ^ 1. A general presentation 
of this theory of multiparameter Levy fields can be found in p[]; see also [H]. 

In the following, for any k e N, Ik (respectively Ofc, 2k) denotes the /c-dimensional vector 
with coordinates all equal to 1 (respectively to 0, 2). We recall that (Q, P) is a complete 
probability space. Let (W)^^]^^ be a d-parameter random field. For s,t e with s = (si,..., s^), 
t = (fi,..., fd), we say that s < t if s* < for all 1 < z < d, and s < t ii Si < ti for all 1 < i < d. 
For a ^ b E W^, we define the box ]a, 6 ] = [t e M'[ : a < f < &}, and the increment A^A of X 
over the box ]a, b] by 

(3.1) Kx- x; , 

es{ 0 ,l}‘^ 
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where for any e e { 0 , 1 }'^, we write |e| = Ce{a,b) e is defined by Ce{a,b)i = 

ajl{£.=i} + 6 jl{e.=o }5 for all 1 < z < d. We can check that when d = 1, then = Xf, — Xa- In 
fact, for all d ^ 1, (t) dt = The next dehnition is a generalization of the cddlag 

property to processes indexed by We dehne the relations TZ = {Tli, ...,Tld), where TZi is 
either < or >, and aTZb if and only if aiTZibi for all 1 ^ z ^ d. 

Definition 3.1. Using the terminology in m and /E5|/ . we say that X is lamp (for limit along 
monotone paths) if we have the following: (z) For all 2^ relations TZ, lim X^ exists; (zz) If 

u^t, fR-u 

7^ = (^, then Xf = lim X^; and (Hi) Xf = 0 if ti = 0 for some 1 ^ z ^ d. 

u^t, tRu 

We are now ready to give the dehnition of a Levy held in 

Definition 3.2. X = is a d-parameter Levy field if it has the following properties: 

(i) X is lamp almost surely. 

(a) X is continuous in probability. 

(Hi) For any seguence of disjoint boxes ]afc,f)fc], 1 ^ k ^ n, the random variables A^^A are 
independent. 

(iv) Given two boxes ]a, b] and ]c, d] such that ]a, 6 ] +t =]c, d] for some t e the increments 
A’jX and Af A are identically distributed. 

The jump A^A of X at time t is defined by A^A = lim A^A. 

U<t 

This dehnition coincides with the notion of Levy process when d = 1. In addition, for all 
t = {ti,...,td) e and for all 1 < z < d, the process A*’^ = ,ti+-L,...,td) is a Levy 

process (the notation here means that it is the process in one parameter obtained by hxing all 
the coordinates of t except the z-th). 

The Brownian sheet is an example of snch a d-parameter Levy held. It is the analog in this 
framework of Brownian motion and fnrther properties of this held are detailed in [5], [7], [16] or 

m- 

For all t E R^, Aj is an inhnitely divisible random variable, and by the Levy-Khintchine 
formnla |231 Chapter 2, Theorem 8.1 p.37], there exists real nnmbers 7 ^, at and a Levy measnre Ut 
snch that E = exp [iu'jt — — 1 — zzza:l|a;|<ci) i>t{dx)\. The triplet ( 7 *, at, Vt) 

is called the characteristic triplet of A^. Since for all 1 < z < d and t e R^, the process A*’* 
dehned above is a Levy process, we dednce that there exists a triplet (7, a, v) where 7, cr e R and 
is a Levy measnre snch that (7*, at, vt) = (7, a, z/)Lebrf([0, t]), where Leb^ (dx) is d-dimensional 
Lebesgne measnre. We call (7, a, u) the characteristic triplet of the Levy held A. We can now 
state the mnltidimensional analog of the Levy-Ito decomposition, taken from [U Theorem 4.6] 
particnlarized to the case of stationary increments (see also il)- 

Theorem 3.3. Let X be a d-parameter Levy field with characteristic triplet {p;,a,v). The fol¬ 
lowing holds: 

(i) The jump measure Jx defined on W)_ x (R\{0}) by Jx{B) = if{{t, A^A) e B], for B in the 
Borel a-algebra o/R^ x (R\{0}), is a Poisson random measure with intensity Lehd x v. 
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(a) For all t s we have the decomposition 


Xt ='^Lehd{\Q.,t\) + (jWt + xJx(ds, dx) + xJx(ds, dx), 

where W is a Brownian sheet, Jx = Jx^Lebd y.v is the compensated jump measure, and the 
equality holds almost surely. In addition, the terms of the decomposition are independent 
random fields. 

If X is a d-parameter Levy field, by the lamp property of its sample paths, it is locally 
bounded and dehnes almost surely an element of via the L^-inner product. Similarly to 

the one-dimensional case (see Dehnition 12.3^ . we now dehne the d-dimensional Levy white noise. 

Definition 3.4. Let X be a d-parameter Levy field with characteristic triplet ( 7 , cr, n). The Levy 
white noise X is the d*^ cross-derivative of X in the sense of Schwartz distributions: for oj e Q 
and (f E VCEfi), 


(x, L) H (-1)" <V H := (-I)" [ di . 


where 

As in Section 12.31 note that the law of the multidimensional Levy white noise X is entirely 
characterized by the triplet ( 7 , cr, n) (given that we use the truncation function l| 3 ;|<ci in the 
Levy-Ito decomposition). We will show in Proposition 13.171 that this dehnition is equivalent to 
other dehnitions of Levy white noise. 

Remark 3.5. Given a d-parameter Levy field X with characteristic triplet ( 7 , a, u) and jump 
measure Jx, for a suitable class of functions ip : M'l ^ M, we can define the stochastic integral 


(p(s)dX^:=7 (p(s)ds-h(T V9(s) dlW 
Jm"? JiR'? Jr*? 


(3,2) 


-I- x(p(s)Jx(ds, dx) -I- x<p(s)Jx(ds, dx) 

jR^f J|x|>l Jr;^ 

= 7Ai((p) -I- aA2{p>) + Afipl) -t- Afipl ), 


where the first integral is a Lebesgue integral, the second integral is a Wiener integral (see m 
Chapter 2]) and the last two integrals are Poisson integrals (see fT5[ Lemma 12.13]) with the 
space S' = X (M\{0}). 

The next lemma relates the dehnition of Levy white noise above with the mapping ip —» 
^Rrf dWg. 

Lemma 3.6. Let X be a d-parameter Levy field with characteristic triplet ( 7 , a, v) and jump 
measure Jx- Then, for all e T>(M'^), 

(3.3) (A:,(p)=r (p(5)dW. 

\ / jRrf 
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Proof. Generically, if /i is a measure on and if x{t) := ^([0,t]), then = /i in 

Indeed, by fl3.ip . for any 9 ? e V{W^), 

r <^(s)/i(ds) = r /i(ds) r 

jR^j. Jr^ Jr;J_ 

= (-1)'^ r r fi{ds)lt^s = (-1)'' f (p^^'^\t)x{t) dt, 

jRi jRi jRi 


(3.4) 


where the second equality requires a Fubini-type theorem. 

Notice that for bounded Borel sets, the set function 

B^X{B):=\ lB{s)dXs 

jRf 

dehnes an L°(f 2 , P)-valued measure (see e.g. j^l Theorem 2.6]), and X^ = X([0,f]) a.s. We 
shall apply the argument in (13.4p separately to the four integrals in (13.2p . For the first integral, 
the standard Fubini’s theorem applies. For the second integral, since (p € it is well 

dehned, and since it has compact support, we use the stochastic Fubini’s theorem m Theorem 
2.6]. For the third integral, let Jxp{ds, dx) = l|a,|>i Jx(ds, dx) be the jump measure of the 
compound Poisson part X^ of the Levy-Ito decomposition of X. Then Jxp - K^Yi, where 
{Ti,Yi) are random elements of x (R\{0}), and A^{(p) = ^ fixed p with 

compact support, this is a hnite sum, so Fubini’s theorem applies trivially. For the term 
the integral is a compensated Poisson integral, and we know that it exists (see [T5l Lemma 12.13]) 
if and only if 


(3.5) 

Since p e L^(R‘’*), 


(|a;(p(s)|^ A |x<y 5 (s)|) dsn(d, 

jRi 


x) < +00 . 


f f 

jRi Jlx 


For n e M, dehne 


(|x(p(s)|^ A |x(^(s)|) dsn(dx) ^ \\p\\'i 2 | x^n(dx) < + 00 . 

|3:|^1 


A. 


t,n(p) ■ I I 
Jr-? J::A 


+ '' 2^+1 2" 


+ 2 " + l 2 " 


xp{t) Jx{dx, dt) 

xp{t) Jx{dx, df) - r r 


+ 5ri+T<hl^2’^ 


xp{t) z/(dx) dt. 


Then A 4 ^^n{p) is a sequence of centered independent random variables (the compensated Poisson 
integrals are over disjoint sets) in and E ((^^ ^^((yc))) = </?(s)^ ds 1 ^ , 1 x^z/(dx). Since 

n is a Levy measure, we see that ((^ 4 n(F))) < °° by Kolmogorov’s convergence 

criterion (see m Theorem 2.5.3]) we deduce that 

(3.6) 2 Apk{p) —> xp{s) Jx{dx, ds) = A 4 ,{p) as n —> + 00 , a.s. 
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For each n e N, since the Levy measure u is hnite on compact subsets of x [ 2 ;^,^], 
Fubini’s theorem applies to the set function B in fhe same way it did for ^3 and Ai. 

Therefore, letting 

^M,n _ r r Xli 5 ,s^x(ds, dx) , 

the argument in fl3.4p implies that 

A4,n(^) = (- 1 )'^ f dt . 

jRf 

By [H Theorem 4.6] (see also |Sl Theorem 2.3]), ^ where is the small 

jumps part of X, and the convergence is a.s., uniformly on compact subsets of M'j].. Since (p has 
compact support, fl3.6p implies that 

Ai^ip) = (-1)'=' r ds. 

Jk4 


□ 


3.1 The case of a jg-integrable martingale {p > 1) 

We say that a random field M is a multiparameter martingale with respect to a filtration 
F = (see [m chapter 7, section 2 p.233]) if M is F-adapted, integrable, and for all 

s < f e then K{Mt\Xs) = Mg. We will also need the notion of commuting hltration (see [T6l 
Chapter 7, section 2, Definition p.233] ). By |T6l Theorem 2.1.1 in chapter 7], to show that F is 
commuting, it suffices to show that for any e Xs and Xt are conditionally independent 
given Xsau where (s a t)i = Si a fj. In particular, if W is a d-parameter Levy field and Xt is 
the cr-algebra generated by the family then F is commuting by the independence of the 

increments of X. 

For any lamp random held L, we consider, similarly to (12.11) . the event 
(3.7) Dl = {w e D : L(a;) e5'(M'^)} , 

with the understanding that when L{ui) e tS'(M'^), the continuous linear functional associated 
with L{u) is {L{u), ip) = Lt{u)(p{t) df, for all (p e iS(M‘^). 

Proposition 3.7. Fix p > 1 and let be a multiparameter martingale with respect to 

, p 

a commuting filtration {Xt)^g^d, such that for all t e = {cLebd{[0,t]))'^ for some 

constant c. Then the set Qm defined as in (13.7p has probability one. 

Proof. Similarly to the one dimensional case, we control the supremum of |f|““|Mt| as \t\ —> + 00 , 
or, equivalently, the supremum of for s e M((.\[0,f] as minj=i^...(i ti —» + 00 , and prove 

that the limit in probability of this supremum, as all the coordinates of f go to + 00 , is zero. The 
proof uses the multidimensional analog of Doob’s U inequality: Cairoli’s Strong (p,p) inequality 
(see [IHl Chapter 7, Theorem 2.3.2]). For all i e N\{0}, let Xi = 2*“^ and xq = 0. For k = 
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(/ci, kd) e let = {xk ^, ...,Xk^), and let bk = (2^^,..., 2^'*). We fix /c e k ^ (0,..., 0). 
By using successively Jensen’s inequality and Cairoli’s inequality, for any a > 0, we have 


E 


sup 

se[ak,bk] 




< 


\ \ 


-E 


sup |M,IP 




I 


:E(|ViJ 


1 

)P < 


CpY^cLebd([0,fofc]) 




for some constant Cp depending only on p and the dimension d, where \ak\ and |s| denote here 
the Euclidian norm. Since /ci v ■ • • v ^ f, we have \ak\ ^ hence 

(3.8) E I sup 

\ ss[afc, 6 j.] 


\ ^ 


^ c. 


,Vc 2“2 




We choose a = [|J + 1- Let t e be far enough from the origin (we will consider the limit as 
all the coordinates of t go to +oo), and for all 1 ^ z < d, let rii be the largest integer such that 
2"'“ < ti and let n = (rzi, ...,nd). We can suppose that n, ^ 2 for all 1 < z < n. We write 5 
for the set of all relations TZ of the form (ri, ...,rrf), where for all z e { 1 ,..., d} , rj e and 

TZ ¥= (^,..., <). Then [0,fj c [0,f], where tn = (2”b ..., 2”^*). The complement of the box [0,fj 
in M'l is covered by boxes of the form [a^, bk], where /c e U'’* and kTZn for some TZ s S. Therefore, 


P 




< P 



k'TZn 


Cp-y/c2°‘ ^ ^ ^-(f 

^ neE. keNd- 
k'R.n 





where t +oo means that ti a ... a td ^ +oo. To check that the limit is indeed zero, one has 
that for any hxed 7^ e S, at least one of the inequalities in 7?, is By symmetry, we can suppose 
that it is the hrst inequality. Then 


^ 0 . 
ni^+oo 

ke'Md ki^ni 

klZ-n 



The result follows since S is a hnite set. Then sup^^p^j |s|“"|X^| ^ 0 in probability as f -» +oo, 
therefore ^ 0 a.s as |t| —> +oo. By the lamp property of M we deduce that M is slowly 

growing, and by Remark II.II we deduce that P(flM) = 1- IB 


Corollary 3.8. Let X be a d-parameter Levy field with characteristic triplet ( 7 , cr, z/) and Levy- 
ltd decomposition Xt = 'jLebd ([0, f]) + aWt + Xf + Xf^ where X^ is the large jump part of the 
decomposition and X^ is the compensated small jumps part. Let Yt = 'yLebd ([0, f]) + aWt + X^. 
Then the set Tty defined in fl3.7p has probability one. 

Proof. The random held Y = aW+X^ is a sum of two independent square integrable martingales 
and by a classical result on compensated Poisson integrals and Brownian sheets, 

E + J a;V(dx)^ Leb^ ([ 0 , t]) , 
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where the multiplicative constant is hnite since n is a Levy measure. Hence Y verihes the 
hypothesis of the Proposition 13.71 with p = 2, therefore it dehnes a tempered distribution a.s. 
Since Y and Y differ by a slowly growing function, we deduce that H is a tempered distribution 
almost surely. □ 

3.2 The compound Poisson sheet 

By Corollary 13.81 for any d-parameter Levy held X, we have tlx Qy = ^ tly. We 

shall prove that h^is probability 0 or 1. In the one dimensional setting, we used the fact 

that a compound Poisson process with a PAM is slowly growing a.s (see Proposition I2.5h d). 
As mentioned in the Introduction, the same results in a d-dimensional setting are to the best of 
our knowledge unavailable, which leads us to hnd another approach. In the multiparameter case, 
we will use properties of stochastic integrals with respect to a Poisson random measure to show 
that under a moment condition, a compound Poisson sheet and its associated white noise dehne 
tempered distributions. While this is in principle a special case of m Theorem 3], in view of 
Corollary 13.81 the two statements are in fact equivalent. 

Lemma 3.9. Let u be a Levy measure and M be a Poisson random measure on (M\{0}) x M‘[ 
with intensity measure l\x\>riT^{dx) dt, where r] > 0. Suppose that |a:|“n(dx) < -foo for some 
a > 0 (PAM) and consider the compound Poisson sheet Pt = ^|^|^^xM(dt, dx). Then 

(i) M almost surely defines a tempered distribution via the formula 


(3.9) (M,ip) = j j M(dt, dx)(/:(f)x, e iS(M‘^). 

JlR'f J\x\>ri 

(a) P(np) = 1 and for all p e iS(M'^), 

(3.10) (P,p}:= j Ptp{t) dt = j j M(dt, dx) j ds(/p(s)x, 

JlR^ JlR'f J|a;|>»7 J[f,+oo[ 

(Hi) M = pPrf) in »S'(M'^), where we recall that pPd = 

Proof. Since M is a Poisson random measure on x (R\ {0}) with jumps of size larger than p, 
there are (random) points (r*, Yi)i^i e W)_ x (R\[—1,1]) such that M To prove (i), 

we hrst need to check that the integral in 03.91) is well dehned. Let p e The stochastic 

integral is a Poisson integral, and it is well dehned (as the limit in probability of Poisson integrals 
of elementary functions) if and only if (see [T5l Lemma 12.13]) 

(3.11) j j (|xv9(t)| A 1) dfn(dx) < -l-oo. 

Let r e N. There is a constant C > 1 such that sup^gj^d (1 -I- |f|’’)|99(t)| ^ C < -l-oo. Then 
\xp{t)\ A 1 < A 1. We write Vd for the volume of the d-diniensional unit sphere. Then, for 
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|x| > 1, 


I 


f (- 

jRi \i 


(|x(/?(t)| A 1) dt ^ 

^dVd 


C\x\ 


+ \t\ 
C\x 


1 + u'' 


A 1 1 dt 

A 1 1 du 


(C|3;| —l)i- /’+00 

u‘^~^ du + C\x 


0 


u 


d-l 


(C|3:|-l)r 1 + 


du 


^ Vd{C\x\ - 1)“ + dVdC\x\ 


+ 00 


U 


d-l 


(C|x|—1) r 1 “1“ 


du. 


The last integral has to be well dehned so we take r > d, and then 


r ^^^du^ r 


+CO 1 

d—l—r ' ^ 


du = 


(C|x|-1)F 


SO 


I 


{\xLp{t)\ A 1) dt < Vd {C\x\ - 1)" + 


r — d 
dVdC\x 


{C\x\ - !)■ 


r — d 


{c\x\ - ly 


We dednce that there exists a constant C" such that for |a;| > 1, 


(3.12) 


{\xip{t)\ A 1) dt < C'\x\^ . 


We then choose r large enough so that ^ < a a in which case the moment condition on v gives us 
(13.lip , and therefore the Poisson integral is well dehned and a.s. hnite. Set grif) = Yijqtp , t e M 
Then for r sufficiently large, 


r r M(dt, da;)^^(t)| 

Jr^ J\x\>ri 


X\ 


is well-dehned, since by fl3.12p and PAM, 

{\xgrit)\ A 1 ) dtz/(da;) < +oo. 


\^\>v 


Since M = 2^(5^hr,. 


<M, (/?> = 2 Yiip{Ti) . 

i 

Now suppose ipn d m Then for large n, \ipn\ < g^, and 


x\>r} 


M(dt, dx)gr{t)\x\ < +oo a.s. 


Fora.a. hxed a; e ft, ipri{ri{u)) ^ 0 as n ^ +oo, \ipn{Ti{u}))\ < gr{Ti{oj)) and (a;))|yi(a;)| < 

+ 00 . By the dominated convergence theorem, 

(M{u),ipn) = ^Pn{Ti{uj))Yi{uj) ^0 as n —> +oo . 
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Therefore, the linear functional Lpn ^ ifn) is continuous on S{W^), and so M{u) e 

for a.a. a; e Q. 

To prove (ii), we first prove that the Poisson integral on the right hand side of fId.lOp is well 
defined, and we will need the PAM condition. Let tp e and let $(f) = (/?(s) ds. 

Then fId.lOp is well defined if 

(3.13) j I (|x<h(f)| A 1) df i/(dx) <+00. 

J\x\>ri JK'f 

Using fl3.15p in Lemma 13.101 below, property fl3.13p is established in the same way as fl3.1ip 
and, as above, the right-hand side of fl3.10p defines almost surely a tempered distribution. Let 
(p e Then 

(3.14) r r M(df, dx) r ds99(s)x = 2r yil^,6[0,s]V?(s)ds. 

Jr'I J|a;|>T; J[t,+oo[ ''®+ 

Following the argument in fl3.4p . we want to be able to use Fubini’s theorem to exchange the sum 
and the integral in the last expression. For any a e N, by the same argument as in the proof of 
Lemma [3.101 below with /3 = 0, 


sup(l + 


tsR“ 


[t,+oo[ 


|V9(s)| ds < CJ\f\a\+2d{‘f) ■ 


As in the proof of (13.lip , we deduce that 


[ [ (^[ 

J|x|>?7 Jr^ \ J[t,+oo[ 


|(/7(s)|ds 


A 1 ] df n(dx) < +00 


Then Sr^ l^*|lTiG[o,s]l¥^('S)| ds < +oo, and by fl3.14p and Fubini’s Theorem, 

M(df, dx) I ds99(s)x = [ ^ yil^,6[o,s]</^(s) ds = f PsP^is) 

J[t, + QO[ 


ds . 


This establishes fl3.10p . Property (in) now follows by replacing ip by ip^^d.') in (I3.10p . □ 

Lemma 3.10. For ip e 5(M‘’*), let $ be the function defined by $(f) = ip{s) ds. Let p e N, 

a,(3 s such that |a|, |/3| < p. Then for all a s there is C = C{p,d,a) < +oo, such that, 
for all ip e 5(M'^), 


(3.15) sup |(1 + |t"|)'F^^)(t)| < C'Np+ 2 d{T) ■ 

t^a 

Proof. Let t e W^. Then $(f) = ip{s + t) ds, so + t) ds. Therefore, 

|(^(^^(s + f)| (1 + \{t + s)"+^‘*|) 


1(1 + ^ (1 + 1^1) f + ^)| ds = (1 + |f“|) 

jRi 


< ■f^p+2d{p){^ + |t“|) 

< CNp+2d{p) 

for t ^ a, where U is a constant depending only on p, d and a. 


1 + |(f + s)“+ 2 ‘i| 

1 

,d 1 + |(f + s)“+2<i| 


ds 


ds 


□ 
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3.3 Multidimensional Levy white noise: the general case 

The following lemma extends to d-parameter Levy fields the property recalled in Remark 12.71 


Lemma 3.11. Let X be a d-parameter Levy field with characteristic triplet ( 7 , a, v) and let a > 0. 
The following are equivalent: (i) Vf e E(|Xt|") < + 00 ; (ii) e (M+\{0})'^ : E(|Xt|") < 

+ 00 ; (Hi) |x|“z^(dx) <+00 . 

J|x|>l 


Proof. Clearly, (i) implies (ii). Suppose that (ii) is true for some t in (M+\{0})‘^. By a previous 
discussion, the process X*’* obtained by fixing all coordinates of the parameter t except the z-th 
is again a Levy process with characteristic triplet ( 7 , c’’, application of [251 

Theorem 25.3] we deduce that Ojv* 5|x|>i |3^|“^(cla^) < and then (Hi) is verified. Suppose 
now that (Hi) is true. Let t e M'^, and 1 ^ i ^ d. Since S|a;|>i |3;|"i^(dx) < + 00 , another 

application m Theorem 25.3] gives us E < +00 for all s e M+. Since i and t are taken 

arbitrarily, we deduce (i). □ 

We need a technical lemma that essentially states that for a compound Poisson sheet X^, 
there is a well-chosen sequence {g>n)n>i of test-functions with suitably decreasing compact support 
such that X^ is constant on supp {(pn) for n large enough (this was established in dimension one 
during the proof of Proposition 12.3p . 


Lemma 3.12. Let X^ be a d-parameter Levy field with jump measure Jx and characteristic 
triplet (0, 0, where A := z/(dx) < -l-oo. Let L be the compound Poisson process 

defined by Lt = ^ and let {Sn)n^i denote its sequence of jump times. Then for all p e N, 

there exists a finite non random constant Cp with the following property: for all cu e 12, there 
exists a sequence {‘Pn)n>i of functions (depending on u) in P(R‘^) such that 


(3.16) 






and there exists an event 12' such that P(12') = 1 and for all oj e 12', there exists an integer N{u) 
such that, for all n ^ N{ui), X^ is constant on the support of pn and 

(3.17) {xP,pn){uj) = LsS^)- 

Proof. As in the proof of Proposition 12.31 we will construct a sequence {pn)n>i of functions with 
suitably decreasing compact support, and then use a Borel-Cantelli argument to show that X^ 
is constant on this support. Let p e 'D(Ef) with supp p cz [0, Ij and p = 1. Similar to fl2.2p . 
the sequence (</?n)„^i is defined by 

<Pn{t) = ((ii - 1)7. fe-I - 1)7. (t.1 - Sn)Sl) , i e R". 
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so that supp ifn C S'„) , (1 + 1 + 5'„ + ^ ) and = 1. Let p e M. Then 


K{^n)tSr.^l= 2 SUp|t"(p(fHt)|ls„>l 
= 2 sup 

|^|_|^|^ptE[0,(2,...,2,5.+l)] 


^ 2 22tT^““(5„ + l)“^sup|pf(t)|ls„M 


for some hnite non random constant C!p. Therefore fl3.16p holds and Cp := CpN'p{ip) depends 
only on p and p. Let 


^n,k 


(— 1; ^n) 5 ( ^ T ; • • ■ 7 f T T 


and let be the event “X^ is constant in the box In,k”- Clearly, (I3.17P holds on An^k- 
Observe that 


n,k 


) = P jX'^ has at least one jump time in the set Jn,k} 
= P{Jxp((M\[-l,l]) X ^ 1} , 


where Jn,k is dehned as the following set: 

Jn,k 

where ^ and ^ are disjoint sets dehned by 


0 (i) ( 1 + ) ••■) 1 + + ^k 


[Orf; (Id—1) ‘S'jj)] Jn,k '^n,k ) 


= jx e — l,Xi<l + Xd < 5'„, and 3zo e {1,..., d — 1} s.t. XjQ > l| , 


72 ^ 

^n,k 


(Od-l, S'n) , ( 1 + —, ..., 1 + 'S'n + — 

*—^•n 


Therefore we can write 


(3.18) 


nKP - ((K\[-l, 1 ]) X 40 + Jx- ((K\[-l. 1 ]) X 44 s 1 } 


< 


P {Jxp ((M\[-l, 1]) X 4 ,) ^ 1} + P {J^P ((M\[-l, 1]) X Jj,) ^ 1} . 


Let = a{Xs, se [0^, (lrf_i, t)]) and X(i^_j,oo) = \/teR+^Ad-iA- = 

|x e : Xi < 1,..., Xd-i ^ l}- Then due to the independence of the increments of X^, the fam¬ 
ily of random variables {Jxp ((I^\[“l) 1]) ^ ^))ucR‘^\iri independent of X(i^_j,oo). Since Sn is 
X(i^_i,oo)-measurable, we deduce that conditionally on Sn, the random variable J^p ((M\[—1,1]) x 
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has a Poisson law with parameter ALeb^ where A := u{dx). Further, on the event 

{Sn ^1}, 


d-l 


Let. ( Jtt) = X; 

i=i 


d-l 


St 


St 


Sn ( < 3‘^-^S-^'^-S . 


Indeed, the Lebesgue measure of a subset of ^ of vectors with exactly j components strictly 
greater than one is Sn \ there are such subsets. We deduce that 

W{JxP ((K\[-l, 1]) X 4,) 9= 1} < P{S„ < 1} + E (ls„,i (l - 
(3.19) < P{F„ < 1} + A3'^-^E {Sn^^~^'>) ■ 

We also define a process Lt = ^( 2 ^ it)- If is a Levy process with Levy measure /i(dx) = 

2 '^“^l| 3 ;|>ii^(da;). Since is piecewise constant, L is a piecewise constant Levy process, therefore 

a compound Poisson process (see 1231 Theorem 21.2]). On the event {Sn > 1}, we have Jnk’^ 

[(Od-i , Sn), (2d_i, Sn + 5'„^)]. Therefore if has a jump point in then L has a jump in 

]<Sn, Let = a {Xn : M e [0, (2d_i, f]). Then Sn is a ^-stopping time and L is a Levy 

process adapted to the filtration Q, so by the strong Markov property, the number of jumps of 

the process {Lt)t>o = [Lt+Sn ~ ^Sn) i® independent of Sn and has Poisson distribution of 

" V " "/t^o 

parameter 2'^“^At. Therefore we can write 

P {JxP ((K\[-l, 1]) X J'l,) > 1) «: P {S„ < 1} + P ({((R\[-l, 1]) X 4,) > 1 j n {S„ > 1}) 


< P [Sn < 1} + P < L has a jump in ( Sn, Sn + 


Ok 

'^n 


= P [Sn < 1} + P < L has a jump in ( 0, 


St 


(3.20) 


= P [Sn < 1} + E ( 1 — exp 
'2'='-iA 


')d—l 


A 


Ok 

J 


< P{F„ < 1} + E 


ok 

^'n 


Using the density of the Gamma distribution, we see that 

'1 


(3.21) 


F{Sn^l} = 


A" 


—Xx^n—1 


dx < 


A^ 


Jo (n- 1 )!^ " (n- 1 )! ' 

Integrating the Laplace transform of Sn as in fl2.6p . for n ^ 4, we see that 

A^ , A 2 


(3.22) E (S-3) . 


and E (^-2) = 


(n — l)(n — 2)(n — 3) ^ ^ {n—l){n — 2)' 

Then we get from fl3.18p . fl3.19p . fl3.20p with k = 3, fl3.2ip and fl3.22p . that for n ^ 4: 


P {K,3) ^ 


2A" 


(n — 1 )! 
2 A’" 


+ A3'^“^E 


C 2 


+ A2‘^-^E 


+ 


+ 


C3 

/ 

A32d-i 


(n —1)! (n —l)(n —2) (n — l)(n — 2)(n — 3) 
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and we deduce that Xjn>i ^ (^ns) ^ Borel-Cantelli Lemma, 

(3.23) P [ limsupA ()3 J =0, 

and the set Q' = liminfy 4„^3 has probability one. This completes the proof. □ 

We now return to the question of whether or not a Levy white noise is a tempered distribution. 
Similar to fl2.15p . for any d-dimensional Levy noise X, we dehne the set by 

(3.24) = jcn e : W(a;) e5'(M'^)| , 
and we have the following characterization. 

Theorem 3.13. Let X be a d-parameter Levy field with jump measure Jx and eharacteristic 
triplet ( 7 , a, u) and X the assoeiated Levy white noise. Then the following holds for the set Lljr 
defined as in fl3.24p .• 

(i) If there exists rj > 0 such that E (|Wi^|^) < + 00 , then P (fi^) = 1. 

(ii) If for all 77 > 0, E (iWi^l*^) = + 00 , then P (fl^) = 0. 

Remark 3.14. By Lemma \3.11[ the equivalent condition mentioned in Remark \2. 71 remains valid 
in the d-parameter case. 

As mentioned in the Introduction, the hrst assertion of Theorem 13.131 was established in m 
Theorem 3] using a different dehnition of Levy white noise. In Proposition 13.171 below, we show 
that the two dehnitions are equivalent. 

Proof of Theorem \S.ltA To prove (i), by the Levy-Ito decomposition iTheorem 13.31) . Corollary 
13.81 and Lemma [3.91 (ii), we have P (fix) = 1- Since derivation maps iS'(R‘^) to itself, we deduce 
that P (Qj^) = 1. 

To prove (ii), suppose that X does not have a PAM. We can use Theorem 13.31 to decompose 
X into the sum of a continuous part C, a small jumps part X^ and a compound Poisson 
part X^. By Corollary 13.81 P(n(^_,_xM) = 1. Then we deduce that for all u e 12^ n 
XP{oj) = X{oj) - C{uj) - X^ioj) = X{uj) - {C{u) + A^(n;))^^'^^ belongs to »S'(M'^). The general 
strategy of the proof is to construct, from the compound Poisson sheet X^, a compound Poisson 
process that has the same moment properties, and show that when X^ e <S'(M'^), this process 
has polynomial growth at inhnity, and this occurs with probability zero by Proposition \‘2.5\f ii}. 

We hrst examine the noise X^ associated with the compound Poisson part. The jump measure 
Jxp{ds, dx) = Jx(ds, dx) of X^ is a Poisson random measure on x (M\{0}) and Jxp = 
2i>i where r* e and ]¥) ^ 1. By Lemma [3.61 for all e T>(W^), 

(3.25) /x^,p\=\ r xy:>{t)Jx{dt,dx) = ■ 

\ / Jr( J|x|>1 

By Lemma [3. 121 for all u s Ll, there exists a sequence (<yCn)n>i(i^) of smooth compactly supported 
functions such that fl3.16p holds. Furthermore, there is an event il' cx Ll with probability one 
such that there is an integer N{u) with the property that for all n ^ N{u), X^ is constant 
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on the support of and 03.17p holds. Let L be the compound Poisson process dehned in 

Lemma [3.121 by ^ We restrict ourselves to cn e n ilc+x^ n f2', but we drop the 

dependence on uj in the following for simplicity of notation. We write +oo) V^nis) ds. 

Let 6 e be such that 0 = 0 on the set {t e : fi a ... a —1| and 0 = 1 on 

the set |f e : fi A ... a ^ and such that all its derivatives are bounded. Then for all 
n ^ 1, 6^n ^ T){W^) c 5(M'^). So, in particular, for all n ^ 1, since 9 is constant on 

(X^,9^n) = = (X^,^n) = , 

by 03.17p . and since n Qq+x^ ^ ^xPi we deduce that 


(3.26) 


IL 5 J < 


for some real number C and integer p (both depending on u). For a,f3 e with |a|, |/3| < p, 


we estimate sup^gj^d 


r {e^r 


d/3) 


Since all the derivatives of 6 are bounded. 


sup 

e {9<^nf'^ (f) 

= sup 

e {9<^nf'^ {t) 

= sup 


teRd- 







« C, 2 sup |i“<I>i''>(i) 


for some constant Ci depending only on p and 9. By fl3.15p . for some constant C 2 , 
sup < C'2A/'p+2d((dn)ls„^l < CsS^ls^^l , 

t>-ld 

by fl3.16p . for some constant and p independent of n. Therefore, for any integer p, there is an 
integer p and a constant C depending only p and d, such that 

(3.27) s: CSjls,,!. 

We deduce from fl3.26p and fl3.27p that 


Lg 

iJn 



1 


s„^i 


^ < +00 . 


As in the proof of Proposition 12.31 we deduce that for all a; e n Qc+x^ there exists 

p(lj) e N and C(lj) e M+ such that 


(3.28) 




Since L is a compound Poisson process with no absolute moment of any positive order (it has the 
same Levy measure as X^) we can now conclude by Proposition l2.5L u ) that n QQ_f_xM n Q' is 
contained in a set of probability zero. Since P (fic+x^ ^0 = 1, we deduce that P (12^) = 0. □ 

As a consequence of Theorem 13.131 we get the following result. 

Corollary 3.15. Let X be a d-parameter Levy field with jump measure Jx and characteristic 
triplet {'j,a,iy), and let Llx be the set defined as in fl3.7p . 
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(i) If there exists > 0 such that E (|Xi|’') < +oo, then P(Qx) = 1. 


(a) If for all ?7 > 0, E (|Xi|^) = +oo, then P(17x) = 0. 

Proof. Property (i) follows immediately from Corollary 13.81 and Lemma 13.91 To prove (ii), by 
the fact that the derivative of a tempered distribution is a tempered distribution, ilx c By 
Theoremwe conclude that P(nx) = 0. □ 

Remark 3.16. The statement of Corollary \2.11\ extends directly to d-dimensional Levy white 
noise, with the same proof. 


We now relate our dehnition of Levy white noise (Dehnition 13.4p to stochastic integrals, and 
to m Theorem 3]. 

Proposition 3.17. Let X be a Levy white noise with jump measure Jx and characteristic triplet 
( 7 , a, u) that has a PAM. 


(i) For all functions ip e we have the following equality: 


X,p) = 


(3.29) 


r ip{t) dXt 

I (p{t) dt + (T I Lp{t) 

JrI JrI 


dW 


+ 


[ [ 


xip{t)Jx{dx, dt) + 


|x|<l 


xip{t) {Jx{dx, dt) — ^{dx) dt) 


= + aA2{ip) + Asi^ip) + A^^lp) , 


where the second integral is a Wiener integral (cf. Remark \3.5\) . and the last two are Poisson 
integrals as defined in m Lemma 12.13J. 


(ii) The characteristic functional of the Levy white noise is given, for all ip e iS(R‘^), by 


where f) is the Levy symbol of X: 

ij{z) = i'jz - i 


) = exp 

f 'i){T{t))dt 

/ 

Jr^ 

f (< 

Jr 

- 1 - izxt\^\ 


Proof. Even without PAM, equality fl3.29p has already been proven in Lemma 13.61 when p e 
P(]R'^). We now assume that X has a PAM and check first that for (p s S{W^), the right-hand 
side of fl3.29p is well-dehned. Since »S(M'^) c L^(R‘^) n L^(R‘^), this is clearly the case for Ai((p) 
and ^ 2 ( 99 ). For A^{p>), using PAM, one checks condition (13.lip as in the proof of Lemma [3.91 
For Ai^{ip), one checks condition (13.5p using the same proof as when p: e T>(R'^). 

We now deduce (I3.29p for (p e iS(R‘^) (assuming PAM). By dehnition. 



-1)^ 


7 r (]~[ tj I v9*'^‘'^(t) dt-I-cr r Wtp)^^‘^\t) dt 

M J H 

+ f Xfip^^<^\t)dt+ ( Af(p(i‘^)(t)dt 

Jr'? 


7Ai((p) -h aA2((p) -f A3((p) -f Ai{(p). 
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The equality A^{ip) = A^{ip) comes from Lemma 13.91 For the other three terms, since 
is dense in it suffices to check that ip ^ ^Ai{ip) + (jA 2 {ip) + ^ 4 ( 9 ?) and ip ^ ^Ai{ip) + 

(jA 2 {ip) + ^ 4 ( 9 ?) define continuous (in probability) linear functionals of (p e For the first, 

this is obvious because X e iS'(R'^) by Theorem 13.131 For the second, consider (y 9 „) c 5(R‘^) 
such that ^ 0 in »S(R'^), hence in L^(R'^) and L^(R'^). Then Ai(ipn) 0 and A 2 {ipn) 0 in 
probability. According to [3], (2.34) p.27]. 


E (exp (zA 4 ((/?))) = exp 


x\<l 


_ 1 _ ixp}{t)) dtiy{dx) 


for all ip E <S(R'^). By the inequality in [T51 Lemma 5.14], 

^ dtiy[dx) ^ ^ 


2 ./ujrf 


Pn{ty dt \ x^l'{dx) 
hl<i 


So A 4 defines a linear functional on iS(R'^) that is continuous in law at 0, hence continuous in 
probability. This completes the proof of (i). 

To prove (ii), we use (i) and standard results on the characteristic function of Poisson and 
Wiener integrals. See da Lemma 12 . 2 ] and |a (2.34) p.27] for the Poisson integrals and [TBl 
Theorem 1.4.1] for the Wiener integral. □ 


Remark 3.18. In dimension one, we used the map I in B.emark \2.12\ to give an alternate proof 
of Theorem \2.1(M ii). The analog of this map I in higher dimensions also exists. Let 9 e I?(R) 
such that 6^0, supp0 c [0,1] and ^^9 = 1. ITe write 9 = 9 ® ® 9 the d^^-order tensor 

product of 9 with itself: 9{si,... ,Sd) = 9{si) ■ ■ ■ 9{sd). Let p e tS(R'^). Define 


(3.30) 

where 


hp{t) =1 ds f dr ( 7?, ^ ) > 

/(—oo,t] JR'^ 


Ya (-l)'^'7^(ce(As))^(ci-£(r,s)) , 
££{ 0 , 1 }'' 


and Ce{r,s) was defined just after (13.ip . It is easy to see that if p = pi ® ® pd, where 

Pi,... ,Pd^ ‘5(1^) 7 then IdP = {hpi)®- ■ ■^{IiPd), where Ii coincides with the map I of Remark 
\2.12[ Then, since I was built as an antiderivative, for such p, 


(3.31) 



= f- 


We have already shown that Ii maps continuously S(R) to itself. We eguip iS(R) (x) ■ ■ ■ (x) »S(R) 
with the topology n generated by the family of semi-norms N'p.,^^,,,^pypi®- ■ -^Pd) = 

Then Id : iS(R)(x)- • •(x)»S(R) —> iS(R)(x)- • •(x)»S(R) is continuous (and then uniformly continuous by 
linearity). We denofe «S(R)® 7 r ■ ■ •i 8 ) 7 r<S(R) the completion o/iS(R)(x)- • •ig)<S(R). By Theorem 
51.6], iS(R)( 8 ) 7 r • • • ( 8 ) 7 r< 5 (R) ^ iS(R'^), therefore Id extends (by uniform continuity) to a continuous 
linear map from «S(R'^) to itself. Formula (I3.3ip is true by linearity for p e <S(R) (x) • • • ig) <S(R). 
Let p e <S(R'^). There is a seguence (pn)ns;i of elements of S{M.) (x) • • • ig)iS(R) such that pn p 
in »S(R'^). Since derivation is a continuous map from <S(R'^) to itself, we deduce that (I3.3ip holds 
for any p e «S(R'^). 
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